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A N  ASSESSMENT OF PREWHITENING I N  E S T I M A T I N G  POWER SPECTRA 
OF ATMOSPHERIC TURBULENCE AT L O N G  WAVELENGTHS 
Samuel  R .  Keis ler"  and  R i c h a r d  H .  Rhyne 
L a n g l e y  R e s e a r c h  C e n t e r  
S U M M A R Y  
An a s s e s s m e n t  i s  g i v e n  o f  t h e  e f f e c t s  o f  p r e w h i t e n i n g  on 
d e t e r m i n a t i o n  o f  power s p e c t r a  o f  a t m o s p h e r i c  t u r b u l e n c e  a t  l o n g  
w a v e l e n g t h s .  I n  a c o m p u t e r  e x p e r i m e n t ,  a s y n t h e t i c  t ime  h i s t o r y  
was g e n e r a t e d  by c o m b i n i n g  s i n e  waves  o f  random p h a s e  a n d  f r e ­
q u e n c y  ( b u t  u n i f o r m l y  d i s t r i b u t e d  o v e r  t h e  f r e q u e n c y  r a n g e  o f  
i n t e r e s t )  w i t h  a m p l i t u d e s  a d j u s t e d  t o  p r o d u c e  a power s p e c t r u m  
o f  known s h a p e  a p p r o x i m a t i n g  t h a t  o f  a t m o s p h e r i c  t u r b u l e n c e .  The 
s y n t h e t i c  time h i s t o r y  was t h e n  u s e d  t o  a s ses s  b i a s  e r ro r s  i n  
power s p e c t r a  computed  by t h r e e  d i f f e r e n t  a l g o r i t h m s  i m p l e m e n t e d  
by t h e  f a s t  F o u r i e r  t r a n s f o r m .  
P r e w h i t e n i n g  i s  u n n e c e s s a r y  when u s i n g  t h e  n a r r o w  f f s p e c t r a l  
windowsff r e q u i r e d  f o r  d e t e r m i n i n g  power s p e c t r a  o f  a t m o s p h e r i c  
t u r b u l e n c e  be low t h e  f T k n e e f ff r e q u e n c y ,  o r  a t  v e r y  l o n g  w a v e l e n g t h s .  
S e v e r a l  w i d e  s p e c t r a l  window cases  a r e  a l s o  i n c l u d e d  t o  assess  t h e  
e f f e c t  o f  f i r s t - d i f f e r e n c e  p r e w h i t e n i n g  on d a t a  w h e r e  t h e  f i r s t  
s p e c t r a l  e s t ima te  i s  a b o v e  t h e  k n e e  f r e q u e n c y .  
I N T R O D U C T I O N  
The g e n e r a l l y  a c c e p t e d  m a t h e m a t i c a l  mode l  o f  t h e  power s p e c ­
t r a l  d e n s i t y  f u n c t i o n  f o r  a t m o s p h e r i c  t u r b u l e n c e  ( t h e  Von K & m k  
- .  . __ .___* 
S D C  I n t e g r a t e d  S e r v i c e s ,  I n c .  
m o d e l ;  see r e f .  1 )  d e s c r i b e s  t h e  a m p l i t u d e  o f  t h e  s p e c t r u m  a s  
n e a r l y  c o n s t a n t  a t  v e r y  low f r e q u e n c i e s ,  v a r y i n g  i n v e r s e l y  w i t h  
t h e  f i v e - t h i r d s  power  o f  f r e q u e n c y  a t  t h e  h i g h e r  f r e q u e n c i e s .  
The t r a n s i t i o n  b e t w e e n  t h e s e  f r e q u e n c y  r e g i o n s  i s  o f t e n  r e f e r r e d  
t o  as  t h e  " k n e e f f  a n d  o c c u r s  a t  a f r e q u e n c y  t h a t  i s  d e p e n d e n t  on  
t h e  i n t e g r a l  s c a l e  o f  t u r b u l e n c e  ( L ) .  The k n e e  f r e q u e n c y ,  a n d  
t h e r e f o r e  t h e  s c a l e  o f  t u r b u l e n c e ,  i s  s i g n i f i c a n t  w i t h  r e s p e c t  t o  
t h e  c a l c u l a t e d  m o t i o n  a n d  l o a d  r e s p o n s e s  o f  a i r c r a f t  ( r e f .  I ) .  
The a d e q u a c y  o f  t h e  Von Kgrmgn s p e c t r u m  a s  a model  o f  a tmo­
s p h e r i c  t u r b u l e n c e  h a s  n o t  b e e n  assessed  s u f f i c i e n t l y .  A l t h o u g h  
t h e  s h a p e  of  t h e  s p e c t r u m  a t  h i g h  f r e q u e n c i e s  h a s  b e e n  shown t o  
agree w i t h  m e a s u r e d  t u r b u l e n c e  s p e c t r a ,  t h e r e  i s  s t i l l  u n c e r t a i n t y  
a b o u t  t h e  r e p r e s e n t a t i o n  by t h e  Von Ksrmsn s p e c t r u m  a t  f r e q u e n c i e s  
a s s o c i a t e d  w i t h  a n d  be low t h e  k n e e  of  t h e  t h e o r e t i c a l  s p e c t r u m .  
T h i s  i s  c a u s e d ,  t o  a l a r g e  e x t e n t ,  by d i f f i c u l t i e s  i n  a c c u r a t e l y  
d e t e r m i n i n g  v a l u e s  i n  t h e  low f r e q u e n c y  r e g i o n  o f  s p e c t r a  of atmo­
s p h e r i c  t u r b u l e n c e  f r o m  f l i g h t  m e a s u r e m e n t s .  These d i f f i c u l t i e s  
i n c l u d e  ( 1 )  o b t a i n i n g  a d e q u a t e  l e n g t h  s a m p l e s ,  ( 2 )  i n a c c u r a c i e s  
i n  m e a s u r e m e n t s  o f  a i r p l a n e  m o t i o n s  t h a t  a r e  r e q u i r e d  t o  e x t r a c t  
t h e  t u r b u l e n c e  v e l o c i t i e s ,  a n d  ( 3 )  e r r o r s  i n t r o d u c e d  by t h e  c o n ­
v e r s i o n  o f  t h e  m e a s u r e d  t ime h i s t o r i e s  o f  t h e  v e l o c i t i e s  t o  power  
s p e c t r a l  d e n s i t y  f u n c t i o n s .  E f f o r t s  a r e  unde rway  t o  r e d u c e  e r r o r s  
f rom t h e  f i r s t  t w o  s o u r c e s .  T h i s  r e p o r t  i s  c o n c e r n e d  w i t h  t h e  
t h i r d  p r o b l e m  c i t e d .  
A s i g n i f i c a n t  s o u r c e  o f  e r r o r  i n  t h e  d e t e r m i n a t i o n  o f  e x p e r i ­
m e n t a l  s p e c t r a  i s  t h e  b i a s  e r r o r  a s s o c i a t e d  w i t h  d a t a  p r o c e s s i n g .  
The b i a s  e r r o r  i s  n e g l i g i b l e  f o r  s p e c t r a  o f  e s s e n t i a l l y  c o n s t a n t  
a m p l i t u d e ,  b u t  i t  c a n  p r o d u c e  a n  u n a c c e p t a b l y  l a r g e  d i s t o r t i o n  i n  
s p e c t r a  e x h i b i t i n g  l a r g e  c h a n g e s  i n  a m p l i t u d e .  T h e r e f o r e ,  t h e  
h i g h - f r e q u e n c y  r e g i o n  o f  t h e  t u r b u l e n c e  s p e c t r u m ,  where t h e  a m p l i ­
t u d e  v a r i e s  i n v e r s e l y  w i t h  t h e  f i v e - t h i r d s  power  o f  f r e q u e n c y ,  i s  
s u s c e p t i b l e  t o  b i a s  e r r o r .  Press  a n d  Tukey ( r e f .  2 )  i n t r o d u c e d  a 
c o n d i t i o n i n g  p r o c e s s  c a l l e d  p r e w h i t e n i n g  t o  r e d u c e  t h e  d i s t o r t i o n  
of t u r b u l e n c e  s p e c t r a  s u b s t a n t i a l l y  ( t h a t  d i s t o r t i o n  c a u s e d  by 
2 
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data  p r o c e s s i n g )  a t  t h e  h i g h e r  f r e q u e n c i e s  s i n c e  t h e  h i g h e r  f r e ­
q u e n c y  r a n g e  was t h e  r e g i o n  of  p a r t i c u l a r  i n t e r e s t  a t  t h e  time. 
The p r e w h i t e n i n g  p r o c e d , u r e ,  w h i c h  h a s  become r o u t i n e ,  r e n d e r s  t h e  
h i g h - f r e q u e n c y  r a n g e  o f  t h e  s p e c t r u m  t o  n e a r l y  c o n s t a n t  a m p l i t u d e  
d u r i n g  p r o c e s s i n g .  The e f f ec t  i s  t h e n  removed ( p o s t d a r k e n e d )  f o r  
f i n a l  d a t a  p r e s e n t a t i o n .  I f ,  h o w e v e r ,  t h e  a c t u a l  t u r b u l e n c e  s p e c ­
t r u m  i n  t h e  l o w - f r e q u e n c y  r e g i o n  i s  n e a r l y  c o n s t a n t ,  a s  s u g g e s t e d  
by t h e  Von Kgrmsn s p e c t r u m  m o d e l ,  t h e  p r e w h i t e n i n g  p r o c e s s  r e s u l t s  
i n  a b i a s  d i s t o r t i o n  o f  t h e  s p e c t r u m  i n  t h i s  l o w - f r e q u e n c y  r a n g e .  
C u r r e n t  i n t e r e s t  i n  i m p r o v e d  d e f i n i t i o n  of  m e a s u r e d  s p e c t r a  a t  low 
f r e q u e n c i e s  p r o m p t e d  a r e a s s e s s m e n t  of t h e  u s e  of  t h e  p r e w h i t e n i n g  
p r o c e s s  a n d  o t h e r  a s p e c t s  o f  t h e  b i a s  e r r o r  p r o b l e m .  
The p r e s e n t  c o m p u t e r  s t u d y '  i s  s i m i l a r  i n  a p p r o a c h  t o  t h e  
s b u d y  d e s c r i b e d  i n  r e f e r e n c e  3 i n  t h a t  s p e c t r a  a r e  est imated by 
t h e  d i g i t a l  p r o c e s s i n g  o f  a s y n t h e t i c  random time f u n c t i o n  t h a t  
s i m u l a t e s  t h e  v e l o c i t i e s  o f  a t m o s p h e r i c  t u r b u l e n c e .  I n  c o n t r a s t  
t o  r e f e r e n c e  3 ,  w h i c h  e x a m i n e d  t h e  e f f e c t s  of v a r i o u s  m e t h o d s  o f  
p r e w h i t e n i n g ,  t h e  p r e s e n t  s t u d y  c o m p a r e s  s p e c t r a  o b t a i n e d  w i t h  a n d  
w i t h o u t  p r e w h i t e n i n g ,  w i t h  e m p h a s i s  on t h e  e f f e c t s  a t  low f r e q u e n ­
c i e s .  The method u s e d  i n  t h i s  s t u d y  t o  g e n e r a t e  t h e  s y n t h e t i c  r a n ­
dom time f u n c t i o n  d i f f e r s  f r o m  t h e  method u s e d  i n  r e f e r e n c e  3 ;  t h e  
r e a s o n s  f o r  t h i s  d i f f e r e n t  method a r e  d i s c u s s e d  i n  a l a t e r  s e c t i o n .  
The d a t a  p r o c e s s i n g  m e t h o d s  c o n s i s t  o f  t h r e e  commonly u s e d  f a s t  
F o u r i e r  t r a n s f o r m  ( F F T )  a l g o r i t h m s :  ( 1 )  Blackman-Tukey,  
( 2 )  e n s e m b l e  a v e r a g i n g ,  a n d  ( 3 )  f r e q u e n c y  a v e r a g i n g .  
SYMBOLS 
V a l u e s  a re  g i v e n  i n  b o t h  S I  a n d  U . S .  C u s t o m a r y  U n i t s .  The 
m e a s u r e m e n t s  were made i n  U.S. C u s t o m a r y  U n i t s .  
-_ - -- - -- - - - - - - ~- - _ _  
'Recommended by M r .  A l l a n  P i e r s o l  ( B o l t ,  B e r a n e k ,  a n d  Newman, 
I n c . ,  Canoga P a r k ,  CAI. 
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w 1  
power s p e c t r u m  as  f u n c t i o n  of k '  

t r u e  Dryden  s p e c t r u m  u n d i s t o r t e d  by b i a s  e r r o r  

power s p e c t r u m  o f  p o s t d a r k e n e d  time f u n c t i o n  

power  s p e c t r u m  o f  p r e w h i t e n e d  t i m e  f u n c t i o n  

a n g u l a r  o r  c i r c u l a r  f r e q u e n c y ,  2 r f  

c i r c u l a r  f r e q u e n c y  i n t e g r a t i o n  v a r i a b l e  

APPROACH 

S i n c e  t h e  p r i m a r y  p u r p o s e  of  t h i s  s t u d y  i s  t o  assess t h e  v a l u e  
o f  p r e w h i t e n i n g  i n  r e d u c i n g  b i a s  e r r o r  i n  es t imated  s p e c t r a  a t  low 
f r e q u e n c i e s ,  a r e v i e w  o f  b i a s  e r r o r  i s  a p p r o p r i a t e .  T h i s  r e v i e w  
i n c l u d e s :  ( 1 )  p r o p e r t i e s  r e l a t ed  t o  t h e  g e n e r a l  d i g i t a l  p r o c e s s i n g  
of a random time f u n c t i o n ,  ( 2 )  e f f e c t s  a t  h i g h  a n d  low f r e q u e n c i e s ,  
and  ( 3 )  a b r i e f  d e s c r i p t i o n  a n d  d i s c u s s i o n  of t h e  p r e w h i t e n i n g  p r o ­
cess.  The r e v i e w  i s  f o l l o w e d  by d e s c r i p t i o n s  of t h e  t h r e e  d i g i t a l  
a l g o r i t h m s  f o r  e s t i m a t i n g  power  s p e c t r a l  d e n s i t i e s  a n d  t h e i r  r e l a ­
t i v e  b a n d w i d t h  p r o p e r t i e s .  The p r o p e r t i e s  o f  a s y n t h e t i c  random 
time f u n c t i o n  n e e d e d  t o  r e p r e s e n t  a t m o s p h e r i c  t u r b u l e n c e  v e l o c i t i e s  
are t h e n  d i s c u s s e d ,  a n d  t h e  t w o  f u n c t i o n s  u s e d  i n  n u m e r i c a l  c a l c u ­
l a t i o n s  a re  d e s c r i b e d .  The c o n d i t i o n s  s e l e c t e d  f o r  e s t i m a t i n g  
power s p e c t r a l  d e n s i t i e s  a r e  s t a t e d  a n d  r e s u l t s  a r e  d i s c u s s e d .  
BIAS ERROR 

Each o f  t h e  power s p e c t r a l  d e n s i t y  a l g o r i t h m s  c o n s i d e r e d  here 
u s e s  t h e  F o u r i e r  t r a n s f o r m  o f  a time f u n c t i o n  o f  f i n i t e  l e n g t h .  The 
f o l l o w i n g  d i s c u s s i o n  i s  e q u a l l y  a p p l i c a b l e  t o  t h e  F o u r i e r  t r a n s f o r m  
of a f i n i t e  l e n g t h  a u t o c o r r e l a t i o n  f u n c t i o n  as  w e l l  a s  a f i n i t e  
r 

l e n g t h  t ime f u n c t i o n .  F u r t h e r  d e t a i l s  are  g i v e n  o n  p a g e  IVC:19 of  
r e f e r e n c e  2. The f i n i t e  time l e n g t h  o f  a time f u n c t i o n  a f f e c t s  t h e  
m e a s u r e d  s p e c t r a l  f u n c t i o n  a n d  c a n  be  c o n s i d e r e d  t h e  p r o d u c t  o f  a n  
i n f i n i t e  l e n g t h  f u n c t i o n  ( g i v e n  t h e  s u b s c r i p t  l t t r u e l l )  a n d  a l lboxca r l l  
f u n c t i o n  ( f i g .  l ( a ) ) .  The m e a s u r e d  a n d  t h e  t r u e  time f u n c t i o n s  a re  
-P P
e q u a l  when - < t < -. The m e a s u r e d  time f u n c t i o n  i s  e q u a l  t o  z e r o  
2 2 
f o r  a l l  o t h e r  v a l u e s  o f  t ime. The F o u r i e r  t r a n s f o r m s  o f  t h e  two  
time f u n c t i o n s  a r e  r e l a t e d  by t h e  c o n v o l u t i o n  i n t e g r a l  
" 1  I ­
r m  ---I I '- 21 
'meas ( w )  = ' t r u e  ( +  L ' cJ-m 
where Q t r u e ( w )  i s  t h e  " t r u e t 1  s p e c t r u m  f o r  l i m i t  P * a n d  t h e  
s i n  x-
X 
term i s  t h e  s p e c t r a l  "window.1t ( S e e  f i g .  l ( b ) . )  The d i f f e r ­
e n c e  be tween  ( p m e a S ( w )  a n d  a t r u e ( w )  i s  d e f i n e d  as  t h e  b i a s  e r r o r .  
( T h i s  e x a m p l e  i s  a p p l i e d  t o  t h e  b o x c a r  window; h o w e v e r ,  t h e  same 
r e l a t i o n  would  h o l d  f o r  o t h e r  w indows . )  C o n v o l u t i o n  c a n  be  u n d e r ­
s t o o d  h e u r i s t i c a l l y  by c o n s i d e r i n g  i t s  e f f e c t  o n  a n  a r b i t r a r y  spec­
t r a l  es t imate  Q m e a s ( w ) ,  a c c o r d i n g  t o  t h e  f o l l o w i n g  p r o c e d u r e :  
S h i f t  t h e  s p e c t r a l  window s o  t h a t  i t  i s  c e n t e r e d  a t  w ;  f o r m . t h e  
p r o d u c t  o f  t h e  t r u e  s p e c t r u m  Qtrue  and  t h e  s h i f t e d  window; t h e n  
'meas ( w )  i s  t h e  i n t e g r a l  o f  t h i s  p r o d u c t .  
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The s t r o n g e s t  o b j e c t i o n  t o  t h e  boxcar  window c o n c e r n s  "leakage 
t h r o u g h  t h e  s i d e  lobesf1  ( f i g .  l ( b ) ) ;  t h e  s i d e  l o b e s  a r e  t h o s e  po r ­
1 2 2 3t i o n s  of t h e  window b e t w e e n  - a n d  -, b e t w e e n  - a n d  -, a n d  
P P P P 
-1 1 
s o  f o r t h .  (The p o r t i o n  b e t w e e n  P - a n d  -P i s  cal!.ed t h e  "main 
l o b e . f f) When t h e  process  of  c o n v o l u t i o n  i s  k e p t  i n  m i n d ,  i t  c a n  be 
s e e n  t h a t  a n y  p o r t i o n  of  t h e  t r u e  s p e c t r u m  which i s  m u l t i p l i e d  by 
a s i d e - l o b e  p e a k  d u r i n g  c o n v o l u t i o n  c a n  ' have  a s i g n i f i c a n t  e f f e c t  
upon t h e  estim'ate. 
T h i s  d e f i c i e n c y  i n  t h e  b o x c a r  window i s  l a r g e l y  ove rcome  i n  
windows,  s u c h  as t h e  Hann window ( r e f .  4 ) ,  shown i n  f i g u r e s  2 ( a )  
a n d  2 ( b ) ,  which  t a p e r  t h e  e n d s  of t h e  f u n c t i o n .  The Hann s i d e  
l o b e s  a r e  g r e a t l y  r e d u c e d  i n  r e l a t i o n  t o  t h e  b o x c a r  s i d e  l o b e s .  
F i g u r e  3 i l l u s t r a t e s  a t y p i c a l  b i a s  e r r o r  e n c o u n t e r e d  i n  e s t i ­
m a t i n g  t h e  power s p e c t r u m .  The t r u e  s p e c t r u m  t o g e t h e r  w i t h  t h e  
s h i f t e d  s p e c t r a l  window a re  shown w i t h  l i n e a r  s c a l e  on each a x i s .  
The t r u e  s p e c t r u m  Q t r u e ( w )  shown i n  f i g u r e  3 i s  a n  a p p r o x i m a t i o n  
of t h e  Von Kgrmgn t u r b u l e n c e  m o d e l ,  a n d  i s  d i s c u s s e d  l a t e r  i n  more 
d e t a i l .  It c a n  b e  v i s u a l i z e d  t h a t  t h e  m a g n i t u d e  a n d  s i g n  o f  t h e  
b i a s  e r r o r  d e p e n d  p r i m a r i l y  upon t h e  b r o a d n e s s  a n d  g e n e r a l  s h a p e  o f  
t h e  main  l o b e  o f  t h e  s p e c t r a l  windown a n d  i t s  p o s i t i o n  a l o n g  t h e  
f r e q u e n c y  a x i s  w i t h  r e spec t  t o  t h e  t r u e  s p e c t r u m .  I n  g e n e r a l ,  t h e  
p e a k  of t h e  t r u e  s p e c t r u m  i s  u n d e r e s t i m a t e d ,  a n d  a l l  o t h e r  v a l u e s  
o v e r e s t i m a t e d .  
Each of  t h e  t h r e e  power s p e c t r a l  d e n s i t y  a l g o r i t h m s  i s  asso­
c i a t e d  w i t h  a d i f f e r e n t  v a r i a n t  o f  t h e  f u n d a m e n t a l  s p e c t r a l  window 
d e s c r i b e d  a b o v e .  The d i f f e r e n c e s  among these  v a r i a n t s  a r e  a f f e c t e d  
v e r y  l i t t l e  by  t h e  t ime window c h o s e n ,  e . g . ,  Hann,  Hamming, o r  P a r z e n  
(see r e f .  4 ) .  F o r  t h i s  r e a s o n ,  o n l y  t h e  Hann time window i s  c o n s i d ­
ered here .  
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The p r e w h i t e n i n g  p r o c e s s  c o n s i s t s  o f  f i l t e r i n g  t h e  random time 
f u n c t i o n  s o  as t o  p r o d u c e  a n e a r l y  f l a t  s p e c t r u m  a t  f r e q u e n c i e s  
a b o v e  t h e  k n e e .  (The p u r p o s e ,  as s t a t ed  e a r l i e r ,  i s  t o  r e d u c e  o r  
e l i m i n a t e  t h e  b i a s  e r r o r  c a u s e d  by t h e  window c o n v o l u t i o n  i l l u s ­
t r a t e d  i n  f i g .  3 . )  The s p e c t r a l  es t imates  a re  t h e n  t t p o s t d a r k e n e d t t  
t o  c o r r e c t  f o r  t h e  i n i t i a l  p r e w h i t e n i n g .  The mos t  commonly u s e d  
p r e w h i t e n i n g  p r o c e s s  i s  t h e  f i r s t - d i f f e r e n c e  meth-od 
o r  i n  d i g i t i z e d  s a m p l e  f o r m  
The s p e c t r u m  est imated f r o m  t h e  p r e w h i t e n e d  f u n c t i o n  by a p a r t i c u ­
l a r  d i g i t a l  a l g o r i t h m  i s  t h e n  p o s t d a r k e n e d  as  f o l l o w s  b e f o r e  f i n a l  
da t a  p r e s e n t a t i o n  
where 
(See re f .  2 ,  o r  a p p e n d i x  E o f  re f .  8 . )  
The t r u e  s p e c t r u m  @ T ( f )  o f  f i g u r e  3 is shown i n  f i g u r e  4 
as e y ( f )  a f t e r  t h e  f i r s t - d i f f e r e n c e  p r e w h i t e n i n g  f i l t e r  h a s  
been  a p p l i e d ,  i . e . ,  o y ( f )  = @ T ( f )  I H ( f ) I 2 .  The k n e e  f r e q u e n c y  
o f  f i g u r e  3 i s  i n d i c a t e d  by a n  a r r o w  on  t h e  absc issa  o f  f i g u r e  4. 
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(The f r e q u e n c y  s c a l e  i n  f i g .  4 ( b )  i s  e x a g g e r a t e d  i n  c o m p a r i s o n  
t o  t h e  s ca l e  o f  f i g .  4 ( a )  t o  show more c l e a r l y  t h e  l o w - f r e q u e n c y  
r e g i o n . )  It i s  a p p a r e n t  t h a t  t h e  b i a s  e r r o r  w i l l  be p o s i t i v e  a t  
t h e  k n e e  f r e q u e n c y  a n d  b e l o w ,  a n d  w i l l  become l a r g e r  a s  t h e  spec­
t r a l  window becomes b r o a d e r .  A t  f r e q u e n c i e s  w e l l  a b o v e  t h e  k n e e ,  
as t h e  p r e w h i t e n e d  s p e c t r u m  becomes more n e a r l y  f l a t ,  t h e  b i a s  
e r r o r  w i l l  become n e g l i g i b l e ,  e v e n  t h o u g h  t h e  s p e c t r a l  window i s  
q u i t  e b r o a d .  
POWER SPECTRAL DENSITY A L G O R I T H M S  
The t u r b u l e n c e  t ime h i s t o r i e s  a r e  s a m p l e d  i n  t i m e  a t  i n t e r v a l  
A t .  The time f u n c t i o n  i s  d e n o t e d  by xi  a n d  i s  t h e  v a l u e  o f  t h e  
f u n c t i o n  s a m p l e d  a t  t ime i A t  (where i = 1 ,  2 ,  . . ., N ) ;  t h e n  
d i s c r e t e  s p e c t r a l  es t imates  s i ,  c o r r e s p o n d i n g  t o  h a r m o n i c  f r e q u e n -
N 
c i e s  i A f  a r e  computed  by t h e  FFT (where  i = 0 ,  1, 2 ,  . . ., -2 
1
and A f  = -). The time l e n g t h  o f  t h e  f u n c t i o n  ( o r  s e g m e n t  o f  
N A t  
f u n c t i o n )  b e i n g  t r a n s f o r m e d  i s  P = N A t ;  s o  
where A f  i s  t h e  f r e q u e n c y  s p a c i n g  o f  t h e  o r i g i n a l  I r r a w f l  
es t imates .  Each o f  t h e  power s p e c t r a l  d e n s i t y  a l g o r i t h m s  
i s  now examined  t o g e t h e r  w i t h  i t s  a s s o c i a t e d  s p e c t r a l  window. 
Blackman-Tukey 
The t e c h n i q u e  f o r  c o m p u t i n g  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  
w i t h  F o u r i e r  t r a n s f o r m s  r a t h e r  t h a n  w i t h  l a g  p r o d u c t s  as u s e d  
10 
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i n  t h e  p a s t  i s  g i v e n  i n  r e f e r e n c e  4 ( p p .  165 a n d  166) .  The 
Blackman-Tukey FFT power  s p e c t r a l  d e n s i t y  a l g o r i t h m  i s  o u t l i n e d  
b r i e f l y  i n  t h e  f o l l o w i n g  e i g h t  s t e p s .  
( 1 )  L e t  K ,  w h i c h  mus t  b e  a power  of two,  b e  t h e  number of 
p o i n t s  b e i n g  t r a n s f o r m e d .  L e t  II b e  t h e  number of n o n n e g a t i v e  
l a g s  r e q u i r e d  f o r  t h e  a u t o c o r r e l a t i o n  f u n c t i o n .  On ly  K - R 
d a t a  p o i n t s  c a n  b e  u s e d ,  s i n c e  t h e  l a s t  R v a l u e s  of  t h e  p o i n t s  
b e i n g  t r a n s f o r m e d ,  a t  l e a s t ,  mus t  b e  z e r o e d  t o  a v o i d  t h e  c i r c u l a r  
a u t o c o r r e l a t i o n  e f f e c t  ( r e f .  4 ,  p p .  1 2 3  and  1 2 4 ) .  The mean o f  
t h e  data  f u n c t i o n  i s  removed a n d  t h e  c o r r e c t  number o f  z e r o s  
is  a d d e d .  
( 2 )  O p t i o n a l  p r e w h i t e n i n g :  t h e  f i r s t  d i f f e r e n c e  f i l t e r  i s  
a p p l i e d  ( e q .  ( 2 ) ) .  
( 3 )  The FFT i s  computed  t o  y i e l d  t h e  complex  a m p l i t u d e  
s p e c t r u m .  
(4) The llrawll power s p e c t r u m  i s  computed  as t h e  s c a l e d  
s q u a r e  m o d u l u s  o f  t h e  r e s u l t  o f  s t e p  ( 3 ) .  
( 5 )  The i n v e r s e  FFT i s  computed  t o  p r o d u c e  t h e  a u t o c o r r e l a ­
t i o n  f u n c t i o n .  
( 6 )  The Hann window i s  a p p l i e d .  

( 7 )  The FFT i s  computed  t o  o b t a i n  t h e  power  s p e c t r u m ,  w h i c h  

is  t h e n  s ca l ed  t o  o b t a i n  t h e  power  s p e c t r a l  d e n s i t y .  
( 8 )  P o s t d a r k e n i n g  ( if  o p t i o n  ( 2 )  i s  s e l e c t e d )  i s  a p p l i e d  as  
i n d i c a t e d  by e q u a t i o n  ( 3 ) .  
The a u t o c o r r e l a t i o n  f u n c t i o n  computed  i n  s t e p  ( 5 )  i s  d e f i n e d  
f o r  - T m  T 5 T m  w h e r e  T is  l a g  t i m e  a n d  T m  = ( E  - ? ) A t .  
The q u a n t i t y  a i s  a d j u s t e d  t o  t r u n c a t e  t h e  a u t o c o r r e l a t i o n  f u n c ­
t i o n  a t  a n  a p p r o p r i a t e  maximum l a g  T m  w h i c h  r e s u l t s  i n  t h e  d e s i r e d  
s p e c t r a l  window w i d t h  Be.  F o r  c o n v e n i e n c e  i n  t h e  FFT p r o c e d u r e ,  
R - 1 s h o u l d  a l s o  be a power  of  two. If .cm i s  se t  e q u a l  t o  
P 1- i n  e q u a t i o n  ( 4 ) ,  h f  -. When t h e  Hann window 
2 2Tm 

u r e  2 i s  u s e d  i n  s t e p  ( 6 ) ,  t h e n  t h e  s p e c t r a l  windows 

shown i n  - f ig -
‘for  two a d j a c e n t  
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s p e c t r a l  es t imates  a t  f r e q u e n c i e s  i A f  a n d  ( i  + 1 ) A f  w i l l  
be as shown i n  f i g u r e  5. The m e c h a n i c s  of t h e  Blackman-Tukey 
a l g o r i t h m  a re  s u c h  t h a t  t h e  f r e q u e n c y  s p a c i n g  o f  t h e  f i n a l  power 
1
estimates A f  i s  a l w a y s  -, a n d  t h e  e f f e c t i v e  s p e c t r a l  window 
2T m  
1 
w i d t h  Be i s  - o r  2 A f .  A ra ther  l a rge  degree o f  window 
T m  
o v e r l a p  f o r  a d j a c e n t  s p e c t r a l  estimates i s  shown i n  f i g u r e  5 .  
It is  a p p a r e n t ,  t h e r e f o r e ,  t h a t  s u c h  estimates a re  n o t  s t r i c t l y  
i n d e p e n d e n t .  F o r  t h i s  r e a s o n ,  i t  i s  s o m e t i m e s  a d v o c a t e d  t h a t  
e v e r y  o t h e r  estimate b e  d i s c a r d e d  when e m p l o y i n g  t h i s  a l g o r i t h m .  
C o n s i d e r  now t h e  es t imate  so a t  z e r o  f r e q u e n c y .  The z e r o  
f r e q u e n c y  component  o f  t h e  s i g n a l  ( i . e . ,  mean)  was removed i n  
s t e p  ( 1 ) .  Therefore i t  appears  t h a t  so i s  a n  es t imate  o f  t h e  
power a t  p o s i t i v e  f r e q u e n c i e s .  F o r  t h i s  r e a s o n ,  s o  i s  (somewhat  
A fa r b i t r a r i l y )  d i s p l a y e d  a t  f r e q u e n c y  - i n  t h i s  p a p e r .
4 
Ensemble  A v e r a g i n g  
T h i s  a l g o r i t h m  i s  d e s c r i b e d  i n  d e t a i l  i n  r e f e r e n c e  5. A 
b r i e f  o u t l i n e  f o l l o w s .  
( 1 )  The time f u n c t i o n  i s  p a r t i t i o n e d  i n t o  M s e g m e n t s  o f  
e q u a l  l e n g t h ,  w i t h  t h e  number o f  p o i n t s  i n  each s e g m e n t  a power  
of  two .  S t e p s  ( 2 )  t o  ( 6 )  mus t  be p e r f o r m e d  i n d e p e n d e n t l y  f o r  
each s e g m e n t .  
( 2 )  The mean o f  t h e  f u n c t i o n  i s  removed.  
( 3 )  ( O p t i o n a l  p r e w h i t e n i n g )  The f i rs t  d i f f e r e n c e  f i l t e r  i s  
a p p l i e d .  
( 4 )  The s i d e - l o b e  s u p p r e s s i o n  window i s  a p p l i e d .  
( 5 )  The FFT i s  computed  t o  o b t a i n  t h e  complex  a m p l i t u d e  
s p e c t r u m .  
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( 6 )  The power  s p e c t r a l  d e n s i t y  es t imates  a r e  computed  a s  t h e  
sca led  s q u a r e  m o d u l u s  of  t h e  a m p l i t u d e  s p e c t r u m .  
( 7 )  The M s e g m e n t  power  s p e c t r a l  d e n s i t y  f u n c t i o n s  a r e  
a v e r a g e d .  
( 8 )  ( O p t i o n a l )  P o s t d a r k e n .  
I n  r e f e r e n c e  5 ,  t h e  o b s e r v a t i o n  i s  made t h a t  t h e  e x p e c t e d  
v a l u e  of t h e  s p e c t r u m  a t  each p o i n t  i s  t h e  c o n v o l u t i o n  of  t h e  t r u e  
s p e c t r u m  w i t h  t h e  s q u a r e  of t h e  s p e c t r a l  window i f  t h e  t i m e  window 
is e v e n  ( a  p r o o f  o f  t h i s  i s  g i v e n  i n  r e f .  6 ) .  A l l  commonly u s e d  
windows ( i n c l u d i n g  t h e  Hann window) a r e  e v e n .  
The s q u a r e d  Hann window i s  shown i n  f i g u r e  6. I t  i s  t h e  
e f f e c t i v e  window i n  t h e  l i m i t  a s  t h e  l e n g t h  of  t h e  s i g n a l ,  a n d  
t h e r e f o r e  t h e  number  o f  s e g m e n t s  u s e d ,  i n c r e a s e s  w i t h o u t  bound .  
F o r  t h i s  r e a s o n ,  t h e  s q u a r e d  s p e c t r a l  window w i l l  b e  r e f e r r ed  t o  
here  a s  t h e  l l e x p e c t e d  window.11 
F i g u r e  6 shows t h a t  t h e  e n s e m b l e  a v e r a g e  window b a n d w i d t h  
B e ,  t h a t  i s ,  t h e  w i d t h  o f  t h e  main  l o b e  a t  t h e  ha l f -power  p o i n t ,  
K
is  a p p r o x i m a t e l y  1 .5  A f .  L e t  
M 
- be t h e  number o f  p o i n t s  p e r  
s e g m e n t ;  t h e n  when 	 -K = N ( f rom eq. (4)), t h e  s p a c i n g  o f  t h e  
M 
M 
power es t imates  i s  h f ,  e q u a l  t o  - o r  
K A t  
1.5M 
1.5 A f  -
Be K A t  
Note t h a t  i n  t h i s  f i g u r e  c o n t i g u o u s  windows 
t h a n  f o r  t h e  Blackman-Tukey a l g o r i t h m ;  t he re fo re ,  
e n s e m b l e  a v e r a g e  estimates a re  s t a t i s t i c a l l y  more 
of each o t h e r .  
o v e r l a p  less  
c o n t i g u o u s  
i n d e p e n d e n t  
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F r e q u e n c y  AvGrag ing  
T h i s  a l g o r i t h m  i s  a v e r y  s i m p l e  m o d i f i c a t i o n  o f  t h e  e n s e m b l e  
a v e r a g i n g  a l g o r i t h m .  
( 1 )  P e r f o r m  s t e p s  (2) t o  ( 6 )  o f  t h e  e n s e m b l e  a v e r a g i n g  method 
f o r  t h e  e n t i r e  t i m e  f u n c t i o n  c o n s i s t i n g  o f  K p o i n t s .  D e n o t e  t h e  
K 
r e s u l t i n g  s p e c t r u m  G t i ,  w h e r e  i = 0 ,  1 ,  . . ., -.
2 
( 2 )  The s m o o t h e d  power  s p e c t r a l  d e n s i t y  e s t ima tes ,  here  
d e n o t e d  G j ,  a r e  computed  a s  t h e  means  o f  M c o n t i g u o u s  v a l u e s  of 
G f i  as f o l l o w s :  
G ' k + l  + G'  k+2  + .  . . + G '  k+M 
a n d  
( 3 )  ( O p t i o n a l )  P o s t d a r k e n  as  a b o v e .  
The e x p e c t e d  window i s  now t h e  sum o f  M c o n t i g u o u s  windows,  
each as shown i n  f i g u r e  6 ( s ee  r e f .  7 ,  p .  2 9 6 ) .  The f r e q u e n c y  
a v e r a g e  expec ted  window f o r  M = 16 i s  shown i n  f i g u r e  7; t h e  
estimate is  d i s p l a y e d  a t  t h e  m i d p o i n t  o f  t h e  window,  i . e . ,  t h e  j t h  
( 2 j  - l)M + 1 
p o i n t  of t h e  s p e c t r u m  i s  d i s p l a y e d  a t  f r e q u e n c y  
2 K  A t  
The f i n a l  f r e q u e n c y  s p a c i n g  o f  t h e  power  es t imates  A f  i s  t h e n  
M M + 0.5 
-, a n d  t h e  b a n d w i d t h  Be is  a p p r o x i m a t e l y  . As c a n  b e  
K A t  K A t  
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s e e n  i n  f i g u r e  7 ,  t h e  e x p e c t e d  window i s  now e s s e n t i a l l y  r e c t a n ­
g u l a r ,  w i t h  v i r t u a l l y  n o  o v e r l a p  o f  c o n t i g u o u s  windows.  
I n  c o m p a r i s o n  t o  e n s e m b l e  a v e r a g i n g ,  f r e q u e n c y  a v e r a g i n g  h a s  
t h i s  a d d i t i o n a l  a d v a n t a g e :  f o r  t h e  same f r e q u e n c y  s p a c i n g  o f  t h e  
f i n a l  power  es t imates  ( a n d  a p p r o x i m a t e l y  t h e  same b a n d w i d t h  B e ) ,  
t h e  l owes t  f r e q u e n c y  a n a l y z e d  i s  lower by a p p r o x i m a t e l y  a f a c t o r  
M + l  
of two. The lowest f r e q u e n c y  es t imate  a p p e a r s  a t  - f o r  fie­
2K A t  
M 
q u e n c y  a v e r a g i n g ,  a s  o p p o s e d  t o  
K 
-
A t  
f o r  e n s e m b l e  a v e r a g i n g .  
S Y N T H E T I C  RANDOM TIME FUNCTIONS 
F o r  t h i s  s p e c i f i c  s t u d y ,  t h e  s y n t h e t i c  random time f u n c t i o n  
must  p o s s e s s  t h e  s i g n i f i c a n t  c h a r a c t e r i s t i c s  o f  a t m o s p h e r i c  t u r ­
b u l e n c e  v e l o c i t i e s .  These  i n c l u d e  r a n d o m n e s s ,  a n e a r l y  G a u s s i a n  
p r o b a b i l i t y  d e n s i t y  f u n c t i o n ,  a n d  a power  s p e c t r a l  d e n s i t y  r e p r e ­
s e n t a t i v e  of t h a t  f o r  t u r b u l e n c e .  The power  s p e c t r a l  d e n s i t y  was 
c h o s e n  t o  be  t h e  Dryden  s p e c t r u m  (see  r e f .  8 )  t o  p a r a l l e l  t h e  s t u d y  
o f  r e f e r e n c e  3. The d i f f e r e n c e s  b e t w e e n  t h e  Dryden  a n d  Von Kgrmsn 
s p e c t r a  a r e  n o t  c o n s i d e r e d  t o  be s i g n i f i c a n t  f o r  t h e  p r e s e n t  p u r ­
p o s e s .  The  Dryden  s p e c t r u m  i s  d e s c r i b e d  by 
where 
2nfL
k' = -
V 
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(sometimes referred t o  a s  " d i m e n s i o n l e s s  wave n u m b e r " ) ,  a n d  where 
L i n t e g r a l  sca le  of t u r b u l e n c e  
V v e l o c i t y  of a i r c r a f t  
f f r e q u e n c y ,  Hz 
I n  terms of  t e m p o r a l  f r e q u e n c y  
12  a f L \  2 
1 + 3 ­
2L \ v  1d L , V , f )  = -
V [ + (?+)*I 2 
The s y n t h e t i c  f u n c t i o n ,  o f  p r a c t i c a l  n e c e s s i t y ,  i s  s y n t h e s i z e d  
f r o m  a f i n i t e  s e t  of  numbers  a n d  t h e r e f o r e ,  c a n n o t  c o m p l e t e l y  
descr ibe  a power s p e c t r a l  d e n s i t y  t h a t  i s  c o n t i n u o u s  i n  f r e q u e n c y .  
C o n s e q u e n t l y ,  i t  i s  n e c e s s a r y  t o  a n a l y z e  a n y  p a r t i c u l a r  s y n t h e t i c  
s i g n a l  f o r  a d e q u a c y  i n  t h i s  r e s p e c t .  T h i s  was d o n e  f o r  t h e  s i g n a l  
u s e d  i n  r e f e r e n c e  3 ( d e s i g n a t e d  h e r e i n  a s  S i g n a l .  B )  a n d  d e t a i l s  a r e  
g i v e n  i n  t h e  a p p e n d i x .  S i g n a l  B i s  a model o f  a p r o c e s s  whose  f r e ­
i 
q u e n c y  c o m p o n e n t s  a r e  h a r m o n i c s  o f  t h e  f u n d a m e n t a l  f r e q u e n c y  -. 
P 
It i s  t h e r e f o r e  n o t  a good r e p r e s e n t a t i o n  of  a t m o s p h e r i c  t u r b u l e n c e ,  
whose f r e q u e n c y  c o m p o n e n t s  a r e  d i s t r i b u t e d  c o n t i n u o u s l y  o v e r  a l l  
f r e q u e n c i e s .  The f r e q u e n c y  c o m p o n e n t s  o f  S i g n a l  B c o i n c i d e  p r e ­
c i s e l y  w i t h  t h e  n u l l s  o f  t h e  b o x c a r  window a n d  w i t h  t h e  c e n t e r  o f  
t h e  main  l o b e .  C o n s e q u e n t l y ,  S i g n a l  B c a n  p r o d u c e  no  b i a s  e r r o r  
w i t h  t h e  b o x c a r  window. T h i s  e f f e c t  i s  c o n s i d e r e d  u n r e a l i s t i c  w i t h  
r e s p e c t  t o  s i m u l a t i n g  a t m o s p h e r i c  t u r b u l e n c e .  
16 
To model  t h e  c o n t i n u o u s  f r e q u e n c y  d i s t r i b u t i o n  o f  t u r b u l e n c e  
more a c c u r a t e l y ,  a n  a l t e r n a t e  s y n t h e t i c  time f u n c t i o n ,  d e s i g n a t e d  
S i g n a l  A ,  was d e r i v e d  f o r  u s e  i n  t h i s  s t u d y .  D e t a i l s  c o n c e r n i n g  
t h i s  s i g n a l  a re  a l s o  g i v e n  i n  t h e  a p p e n d i x .  
where  b o t h  f R  a n d  e R  a re  r a n d o m l y  p i c k e d  v a l u e s  i n  each o f  
1250 f r e q u e n c y  i n t e r v a l s .  T h u s ,  s p e c t r a l  v a l u e s  d o  n o t  n e c e s ­
s a r i l y  c o i n c i d e  w i t h  b o x c a r  window n u l l s ,  a n d  t h e  a p p r o x i m a t i o n  
of a t m o s p h e r i c  t u r b u l e n c e  i s  i m p r o v e d .  A s h o r t  s e g m e n t  o f  t h e  
time f u n c t i o n  i s  shown i n  f i g u r e  8 ;  i t s  a p p e a r a n c e  i s  v e r y  much 
l i k e  t h a t  o f  a c t u a l  t u r b u l e n c e  t i m e - h i s t o r y  m e a s u r e m e n t s .  The 
c u m u l a t i v e  d i s t r i b u t i o n  f u n c t i o n ,  shown i n  f i g u r e  9 ,  i s  v e r y  
n e a r l y  G a u s s i a n ,  as d e s i r e d ,  a n d  a s  e x p e c t e d  f r o m  t h e  p r o c e d u r e  
c
u s e d .  
CONDITIONS C O N S I D E R E D  FOR SPECTRAL ESTIMATION 
To d e t e r m i n e  a p r a c t i c a l  r a n g e  o f  b a n d w i d t h  Be w h i c h  
s h o u l d  be  i n v e s t i g a t e d  f o r  b i a s  e r r o r  e f f e c t s ,  c o n s t r a i n t s  
imposed  by s a m p l e - l e n g t h  l i m i t a t i o n s  o f  a c t u a l  t u r b u l e n c e  da t a  
must  be c o n s i d e r e d .  It w o u l d ,  o f  c o u r s e ,  b e  d e s i r a b l e  t o  h a v e  
t h e  s p e c t r a l  e s t ima tes  v e r y  c l o s e l y  s p a c e d  (small  B e )  i n  t h e  
f r e q u e n c y  r e g i o n  a p p r o a c h i n g  z e r o  ( s ee  f i g .  3 )  t o  d e f i n e  a k n e e ,  
i f  o n e  e x i s t s .  A s  t h e  i n t e g r a l  s c a l e  o f  t u r b u l e n c e  L becomes 
l a r g e r  i n  t h e  mathematical m o d e l ,  t h e  k n e e  f r e q u e n c y  moves c l o s e r  
t o  z e r o  f r e q u e n c y ,  a n d  i n  f a c t  m i g h t  be v e r y  c l o s e  t o  z e r o  f r e ­
q u e n c y  f o r  c e r t a i n  m e t e o r o l o g i c a l  c o n d i t i o n s .  F o r  e x a m p l e ,  if L 
is 762 m ( 2 5 0 0  f t )  i n  t h e  Von Kgrmsn t u r b u l e n c e  model ( a  p r e s e n t  
t u r b u l e n c e  d e s i g n  r e q u i r e m e n t ;  see r e f .  9 )  a n d  t h e  v e l o c i t y  of  
t h e  a i r p l a n e  i s  183 m / s  ( 6 0 0  f t / s e c ) ,  t h e  k n e e  p e a k  a p p e a r s  a t  
0.017 Hz. L a r g e r  L v a l u e s  r e s u l t  i n  lower  k n e e  f r e q u e n c i e s .  
A s  t h e  b a n d w i d t h  i s  made smaller ( f o r  a g i v e n  s a m p l e  l e n g t h  
of a c t u a l  t u r b u l e n c e  d a t a ) ,  t h e  random f l u c t u a t i o n s  o f  t h e  power  
17 
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est imates  become l a r g e r ,  e v e n t u a l l y  m a k i n g  i t  i m p o s s i b l e  t o  
d e t e r m i n e  whe the r  a k n e e  i s  p r e s e n t .  P a s t  e x p e r i e n c e  a n d  a c a l ­
c u l a t i o n  of t h e  m a g n i t u d e  of  t h e  random power  f l u c t u a t i o n s  based  
upon s o - c a l l e d  " s t a t i s t i c a l  degrees of  freedom" ( see  r e f .  7 )  i n d i ­
ca te  t h a t  a p p r o x i m a t e l y  30 d e g r e e s  o f  f reedom i s  a s  low as  c a n  b e  
t o l e r a t e d .  
A c c o r d i n g  t o  r e f e r e n c e  7 ( p .  2191, 
D e g r e e s  o f  freedom ( d . o . f . 1  = 2BeT ( 7 )  
where Be i s  b a n d w i d t h  i n  Hz, a n d  T i s  t o t a l  s a m p l e  l e n g t h  i n  
s e c o n d s .  Past  e x p e r i e n c e  w i t h  t u r b u l e n c e  d a t a  c o l l e c t i o n  i n d i ­
ca t e s  t h a t  u s a b l e  s a m p l e  l e n g t h s  of  more  t h a n  10 m i n u t e s  d u r a t i o n  
are n o t  r e a d i l y  o b t a i n a b l e ,  p a r t i c u l a r l y  a t  t h e  h i g h e r  a l t i t u d e s .  
I f  w e  a s sume  t h e  maximum p r a c t i c a l  s a m p l e  l e n g t h  t o  b e  10 m i n u t e s  
( o r  600  s e c ) ,  a n d  t h a t  30 d . 0 . f .  c a n  b e  t o l e r a t e d ,  t h e n  Be i s  
0.025 Hz. 
Based on t h e  p r e c e d i n g  d i s c u s s i o n ,  i n d i c a t i o n s  a re  t h a t  
a l t h o u g h  n a r r o w e r  b a n d w i d t h s  f o r  b e t t e r  s p e c t r a l  r e s o l u t i o n  a t  
v e r y  low f r e q u e n c i e s  would  b e  d e s i r a b l e ,  b a n d w i d t h s  smaller  t h a n  
a b o u t  0 . 0 2 5  Hz a r e  n o t  p r a c t i c a l  b e c a u s e  o f  s a m p l e  l e n g t h  l i m i t a ­
t i o n s ,  The p r e s e n t  b i a s  e r r o r  i n v e s t i g a t i o n  w i l l  t h e r e f o r e  b e  
c o n f i n e d  t o  b a n d w i d t h s  on t h e  o r d e r  o f  0 , 0 2 5  Hz a n d  g r e a t e r .  ( I t  
s h o u l d  b e  n o t e d  t h a t  random e r r o r  i s  o n l y  of  i n d i r e c t  c o n c e r n  i n  
t h i s  s t u d y ,  a n d  t h a t  i t  h a s ,  i n  f a c t ,  b e e n  m i n i m i z e d  by t h e  s y n ­
t h e t i c  t ime  f u n c t i o n s  s o  as n o t  t o  o b s c u r e  t h e  b i a s  e r r o r  u n d e r  
s t u d y .  1 
S i n c e  t h i s  s t u d y  was i n i t i a t e d  by f o l l o w i n g  t h e  p r o c e d u r e  o f  
r e f e r e n c e  3 ,  t h e  numbers  a c t u a l l y  u s e d  i n  e q u a t i o n  ( 6 )  t o  g e n e r a t e  
t h e  s y n t h e t i c  s i g n a l s  were L = 191  m ( 6 2 7  f t )  a n d  V = 183 m / s  
( 600  f t / s e c )  t o  confo rm w i t h  r e f e r e n c e  3. The s y n t h e t i c  time 
f u n c t i o n  v a l u e s  were s p a c e d  a t  a n  i n t e r v a l  o f  A t  = 0 . 0 4  s e c ,  a n d  
t h i s  s p a c i n g  p r o v i d e d  a N y q u i s t  f r e q u e n c y  of  t h e  r e s u l t i n g  power  
s p e c t r a l  d e n s i t y  o f  12 .5  Hz, a l s o  i n  a c c o r d a n c e  w i t h  r e f e r e n c e  3. 
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A more g e n e r a l ,  a n d  p o s s i b l y  more u s e f u l ,  p r o c e d u r e  wou1.d 
h a v e  b e e n  t o  g e n e r a t e  t h e  s p e c t r a l  r e s u l t s  i n  terms o f  d i m e n s i o n ­
l e s s  wave number k t  (see e q .  ( 5 ) )  r a t h e r  t h a n  i n  terms o f  tem­
p o r a l  f r e q u e n c y .  The co r rec t  s h a p e  of  t h e  s p e c t r u m  i s  a l l  t h a t  i s  
r e q u i r e d ,  h o w e v e r ,  a n d  t h e  e x a c t  l o c a t i o n  of  t h e  k n e e  p e a k  a l o n g  
t h e  f r e q u e n c y  a x i s  w i l l  n o t  a f f e c t , t h e  m a g n i t u d e  of  t h e  b i a s  e r r o r  
o b t a i n e d .  I f  t h e  l o c a t i o n  of  t h e  k n e e  p e a k  i s  known i n  a d v a n c e ,  
a n d / o r  i f  a n  estimate of  b i a s  e r ror  f o r  a s p e c i f i c  L ,  B e ,  o r  V 
a t  a p a r t i c u l a r  f r e q u e n c y  r e l a t i v e  t o  t h e  k n e e  p e a k  i s  n e e d e d ,  t h e n  
k f  u n i t s  c a n . b e  h e l p f u l .  A k t  s ca l e  h a s  t h e r e f o r e  b e e n  i n c l u d e d  
on a l l  t h e  s p e c t r a l  p l o t s  p r e s e n t e d .  Also Be i s  g i v e n  i n  k t  
u n i t s  as w e l l  as i n  Hz, a n d  i s  t h e n  d e s i g n a t e d  B
e k  
. 
The s y n t h e t i c  t ime f u n c t i o n  was p r o c e s s e d  as  i f  i t  were mea­
s.ured d a t a .  S p e c t r a  were est imated by t h e  t h r e e  a l g o r i t h m s  w i t h  
and  w i t h o u t  f i r s t - d i f f e r e n c e  p r e w h i t e n i n g .  A s  i n d i c a t e d ,  t h e  min­
imum b a n d w i d t h  d e s i r e d  was a p p r o x i m a t e l y  0 . 0 2 5  Hz. The n e a r e s t  
b a n d w i d t h s  r e a d i l y  o b t a i n a b l e  w i t h  t h e  t h r e e  a l g o r i t h m s  were -. 
Be = 0 , 0 2 4 4 ,  0 . 0 3 6 6 ,  a n d  0 . 0 2 6 0  Hz f o r  Blackman-Tukey,  e n s e m b l e  
a v e r a g i n g ,  a n d  f r e q u e n c y  a v e r a g i n g  (0. B e k t  = 0 . 1 6 0 ,  0 . 2 4 0 ,  a n d  
0 . 1 7 1 ) ,  r e s p e c t i v e l y .  T h e s e  v a l u e s  were d e t e r m i n e d  ' a s  d i s c u s s e d  
u n d e r  power s p e c t r a l  d e n s i t y  a l g o r i t h m s ,  by u s e  of  1024 nonnega ­
t i v e  l a g s  f o r  Blackman-Tukey,  15  time s e g m e n t s  e a c h  c o n t a i n i n g  
1024 da t a  p o i n t s  f o r  e n s e m b l e  a v e r a g i n g ,  a n d  f r e q u e n c y  a v e r a g i n g  
o v e r  16 c o n t i g u o u s  raw es t ima tes  o b t a i n e d  by t r a n s f o r m i n g  15  871  
da t a  p o i n t s  p l u s  513 z e r o s  t o  make a n  e v e n  power  o f  t w o .  The 
A f  f r e q u e n c y  s p a c i n g  was t h u s  0 .0122  Hz f o r  Blackman-Tukey a n d  
0 . 0 2 4 4  Hz f o r  e n s e m b l e  a v e r a g i n g  a n d  f r e q u e n c y  a v e r a g i n g .  
A d d i t i o n a l  c o m p a r i s o n s  b e t w e e n  p r e w h i t e n e d  a n d  n o n - p r e w h i t e n e d  
s p e c t r a  were made w i t h  t h e  Blackman-Tukey a l g o r i t h m  f o r  a n  i n t e r ­
mediate Be o f  0 . 1 9 5  Hz ( B e k f  = 1 .28)  e m p l o y i n g  128 l a g s ,  a n d  f o r  
a v e r y  w i d e b a n d  Be o f  0 .391  Hz o r  B ek of  2 . 5 6  ( 6 4  p o s i t i v e  
l a . g s ) .  The w i d e b a n d  s p e c t r a  s i m u l a t e d  r e s u l t s  o b t a i n e d  i n  e a r l i e r  
y e a r s  b e f o r e  FFT was a v a i l a b l e .  
19  

RESULTS A N D  D I S C U S S I O N  

I n  t h e  f o l l o w i n g  f i g u r e s ,  t h e  power  s p e c t r a l  d e n s i t y  i s  p l o t ­
t e d  a l o n g  t h e  v e r t i c a l  a x i s ,  a n d  t h e  f r e q u e n c y  i n  Hz a n d  i n  k' 
u n i t s  is  p l o t t e d  a l o n g  t h e  h o r i z o n t a l  a x i s ,  b o t h  on  l o g a r i t h m i c  
sca les .  The t r u e  power  s p e c t r a l  d e n s i t y  o T ( f )  i s  m o d i f i e d  b y  
a m u l t i p l i c a t i o n  f a c t o r  s e l e c t e d  s o  t h a t  t h e  area u n d e r  ' P T ( f )  
w i l l  be e q u a l  t o  t h e  v a r i a n c e  o f  t h e  s y n t h e t i c  random time f u n c ­
t i o n .  The o b t a i n e d  @ T ( f )  i s  s u p e r i m p o s e d  on  t h e  p l o t  of each 
computed  power s p e c t r a l  d e n s i t y .  I n  each case ,  t h e  l l t r u e l l  spec­
t r u m  i s  l a b e l e d  I f r e f e r e n c e "  a n d  t h e  s p e c t r u m  c a l c u l a t e d  f r o m  t h e  
time h i s t o r y  i s  l a b e l e d  f l computed .  
The r e s u l t s  f o r  t h e  minimum b a n d w i d t h  case ,  p r e s e n t e d  i n  f i g ­
u r e s  1 0 ,  1 1 ,  a n d  1 2 ,  i n d i c a t e  t h a t  a l l  t h ree  a l g o r i t h m s  d e f i n e  t h e  
k n e e  a d e q u a t e l y .  The re  i s  a n  i n d i c a t i o n  of  b i a s  e r r o r  ( a  s l i g h t  
o v e r e s t i m a t i o n  i n  t h e  es t imates  n e a r e s t  z e r o  f r e q u e n c y )  o n l y  i n  t h e  
s p e c t r u m  o b t a i n e d  w i t h  t h e  Blackman-Tukey a l g o r i t h m  ( f i g .  1 0 ) .  
With a l l  o t h e r  parameters h e l d  f i x e d ,  f i r s t - d i f f e r e n c e  p r e ­
w h i t e n i n g  a n d  p o s t d a r k e n i n g  were a p p l i e d .  I n  each c.ase t h e  e f f e c t  
(see f i g s .  13,  1 4 ,  a n d  15) was a n  o v e r e s t i m a t i o n  a t  t h e  lowes t  f r e ­
q u e n c i e s  a n d  no  s i g n i f i c a n t  i m p r o v e m e n t  elsewhere.  The  c u r i o u s l y  
l a r g e  d i f f e r e n c e  b e t w e e n  t h e  amoun t  o f  d i s t o r t i o n  o b t a i n e d  by  u s i n g  
t h e  Blackman-Tukey a l g o r i t h m  a n d  t h e  amoun t  o f  d i s t o r t i o n  o b t a i n e d  
by u s i n g  t h e  d i r e c t - t r a n s f o r m  a l g o r i t h m s  n e e d s  a n  e x p l a n a t i o n .  To 
r u l e  o u t  t h e  p o s s i b i l i t y  o f  e r r o r  i n  t h e  Blackman-Tukey p o r t i o n  of 
t h e  c o m p u t e r  p rogram,  t h e  s y n t h e t i c  s i g n a l  was p r o c e s s e d  t h r o u g h  a , 
l a g - p r o d u c t  Blackman-Tukey program ( see  r e f .  l o ) ,  a n d  t h e  r e s u l t s  
were i n  c l o s e  a g r e e m e n t  w i t h  t h o s e  o b t a i n e d  from u s i n g  t h e  FFT 
v e r s i o n .  
The f i r s t - d i f f e r e n c e  p r e w h i t e n e d  t r u e  Dryden  s p e c t r u m  i s  shown 
i n  f i g u r e  1 6 ;  it i s  t h e  p r o d u c t  o f  t h e  f i r s t - d i f f e r e n c e  t r a n s f e r  
f u n c t i o n  s q u a r e d  l H ( f > I 2  a n d  t h e  t r u e  Dryden  s p e c t r u m  of  e q u a ­
t i o n  ( 6 ) .  S i n c e  t h i s  c u r v e  i s  c o n c a v e  upward  i n  t h e  f r e q u e n c y  r a n g e  
of t h e  f i r s t  s e v e r a l  p o i n t s  of t h e  s p e c t r u m ,  t h e  es t imates  a t  t h e s e  
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p o i n t s  s h o u l d  c o n t a i n  p o s i t i v e  b i a s  e r ro r s  a r i s i n g  from t h e  window 
c o n v o l u t i o n  d e s c r i b e d  e a r l i e r .  The p o s t d a r k e n e r  f u n c t i o n  ( e q .  ( 3 ) ) '  
i n  t h i s  f r e q u e n c y  r a n g e  i s  q u i t e  l a r g e ,  g o i n g  t o  i n f i n i t y  a t  z e r o  
f r e q u e n c y ;  t h e r e f o r e ,  t h e  p o s t d a r k e n i n g  o p e r a t i o n  c o u l d  t r a n s f o r m  
t h e  p o s i t i v e  b i a s  e r r o r s  m e n t i o n e d  e a r l i e r  i n t o  a c u r v e  s i m i l a r  t o  
f i g u r e  1 3  o r  t o  f i g u r e s  1 4  and  15.  
To d e t e r m i n e  t h e  p rec i se  amount  of b i a s  e r r o r  c a u s e d  by window 
c o n v o l u t i o n  a l o n e ,  a d i g i t a l  s i m u l a t i o n  of  t h e  Blackman-Tukey win ­
dow c o n v o l u t i o n  was p e r f o r m e d  as f o l l o w s :  The Hann s p e c t r a l  window, 
1 
where A f  = ;; i s  t h e  same as t h e  A f  for f i g u r e  1 3  ( see  f i g .  2 ( b ) ) ,  
was r e p r e s e n t e d  on  t h e  i n t e r v a l  -8 A f  t o  8 A f  a s  a 16 0 0 1 - p o i n t  
s ampled -da ta  f u n c t i o n .  The p r e w h i t e n e d  Dryden  s p e c t r u m ,  i n c l u d < n g  
t h e  n e g a t i v e - f r e q u e n c y  p l a n e ,  w a s  a l s o  r e p r e s e n t e d  a s  a s a m p l e d -
A f  
data  f u n c t i o n ,  w i t h  t h e  same f r e q u e n c y  s p a c i n g  -. The c o n ­
1000 
v o l u t i o n  i n t e g r a l  was t h e n  computed  a t  f r e q u e n c i e s  i A f ,  where 
i = 1 ,  2 ,  . . ., 10  from t h e  v e c t o r  d o t  p r o d u c t  o f  t h e  s h i f t e d  
window a n d  t h e  t h e o r e t i c a l  c u r v e .  These  10  v a l u e s  were t h e n  p o s t -
d a r k e n e d .  The maximum b i a s  o c c u r r e d  a t  i = 1 ,  t h e  s p e c t r u m  a t  
t h i s  p o i n t  b e i n g  a p p r o x i m a t e l y  1 . 5  t imes t h e  c o r r e c t  v a l u e .  T h e r e ­
f o r e ,  window c o n v o l u t i o n  b i a s  a l o n e  i s  n o t  s u f f i c i e n t  t o  a c c o u n t  
f o r  t h e  Blackman-Tukey r e s u l t s  o f  f i g u r e  13,  a l t h o u g h  i t  p r o b a b l y  
a c c o u n t s  f o r  a s u b s t a n t i a l  p o r t i o n  o f  t h e  e r r o r  i n  t h e  two d i r e c t -
t r a n s f o r m  a l g o r i t h m  r e s u l t s  ( f i g s .  1 4  a n d  15) .  
Two a d d i t i o n a l  p o s s i b l e  s o u r c e s  of e r r o r  a re  now d i s c u s s e d .  
The a u t o c o r r e l a t i o n  f u n c t i o n  ( s ee  r e f .  8 ,  p .  1 3 )  i n d i c a t e s  a h i g h  
c o r r e l a t i o n  b e t w e e n  s u c c e s s i v e  v a l u e s  of  t h e  t i m e  f u n c t i o n  ( t h a t  
is ,  a t  T = A t ) .  T h i s  i m p l i e s  t h a t  t h e  a p p l i c a t i o n  of t h e  f i r s t -
d i f f e r e n c e  f i l t e r  ( e q .  ( 2 ) ) ,  where t h e  s u b t r a c t i o n  of  s u c c e s s i v e  
p o i n t s  o c c u r s ,  r e s u l t s  i n  a l o s s  of  p r e c i s i o n  of t h e  f i l t e r  o u t p u t  
r e l a t i v e  t o  t h e  p r e c i s i o n  of  t h e  i n p u t .  ( P o i n t s  of n e a r l y  e q u a l  
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m a g n i t u d e  a re  b e i n g  s u b t r a c t e d . )  B e c a u s e  s u c h  r o u n d - o f f  e r r o r  i s  
random, i t  a d d s  a c e r t a i n  amount  o f  w h i t e  n o i s e  t o  t h e  p r e w h i t e n e d  
s p e c t r u m  and t h u s  c o n t r i b u t e s  t o  t h e  p o s i t i v e  b i a s  n e a r  z e r o  f r e ­
q u e n c y .  However,  f i g u r e s  1 4  and  15 s u g g e s t  t h a t  t h i s  c o n t r i b u t i o n  
i s  e v i d e n t l y  small .  Such a n  e f f e c t  wou ld  be e q u a l  i n  a l l  t h r e e  
a l g o r i t h m s .  
The f i n a l  , s o u r c e  o f  e r r o r  c o n s i d e r e d  here  i s  t h e  computer .  r o u n d -
o f f  e r r o r  which o c c u r s  d u r i n g  c a l c u l a t i o n  o f  t h e  power  s p e c t r a l  d e n ­
s i t y  f r o m  t h e  time f u n c t i o n .  It  s h o u l d  be n o t e d  t h a t  t h e  Blackman-
Tukey a l g o r i t h m  r e q u i r e s  more t h a n  twice t h e  number o f  c o m p u t a t i o n s  
as t h e  o t h e r  two  a l g o r i t h m s  ( t w o  f u l l - l e n g t h  t r a n s f o r m s  p l u s  o n e  
s h o r t  t r a n s f o r m  f o r  Blackman-Tukey,  as  compared  w i t h  one  f u l l - l e n g t h  
t r a n s f o r m  f o r  t h e  o t h e r  two  a l g o r i t h m s ) .  The l a g - p r o d u c t  Blackman-
Tukey a l g o r i t h m  r e q u i r e s  s t i l l  more  c a l c u l a t i o n s  t h a n  t h e  FFT v e r ­
s i o n  d o e s .  T h i s  c o m p u t e r  r o u n d - o f f  e r r o r  i s  a l s o  random a n d  c o u l d  
c o n t r i b u t e  a f l a t  e r r o r  s p e c t r u m  t o  t h e  p o s i t i v e  b i a s  n e a r  z e r o  f r e ­
q u e n c y .  T h e r e f o r e ,  i f  t h e  w h i t e  n o i s e  s p e c t r u m  f o r  t h e  Blackman-
Tukey a l g o r i t h m  i s  g rea t e r  t h a n  t h o s e  f o r  t h e  o t h e r  t w o  a l g o r i t h m s ,  
and is  as l a r g e  as t h e  a p p r o x i m a t i o n  i n  f i g u r e  1 6 ,  i t  c o u l d  c o n ­
t r i b u t e  t o  window c o n v o l u t i o n  b i a s  e r r o r  a n d  c o u l d  a c c o u n t  f o r  t h e  
e f f ec t  o b s e r v e d  i n  f i g u r e  13. T h i s  i s  p r o b a b l y  t h e  s o u r c e  o f  t h e  
l a r g e  d i f f e r e n c e  o b s e r v e d  i n  f i g u r e  13 i n  c o m p a r i s o n  w i t h  t h e  d i f ­
f e r e n c e s  shown i n  f i g u r e s  14 and  15. 
The r e s u l t s  o b t a i n e d  when a v e r y  w i d e b a n d  window i s  employed  
w i t h  t h e  Blackman-Tukey a l g o r i t h m  (B  e 0 .391  Hz o r  B 
ek ' = 2 . 5 6 )  
are now e x a m i n e d .  Windows o f  a b o u t  t h i s  s i z e ,  t o g e t h e r  w i t h  f i r s t -
d i f f e r e n c e  p r e w h i t e n i n g ,  were g e n e r a l l y  u s e d  f o r  p r o c e s s i n g  t u r b u ­
l e n c e  data  b e f o r e  t h e  FFT was a v a i l a b l e .  (The da ta  p r e s e n t e d  h e r e ,  
a l t h o u g h  p r o c e s s e d  by t h e  u s e  of FFT, a re  m a t h e m a t i c a l l y  e q u i v a l e n t  
t o  t h e  p r e v i o u s l y  u s e d  l a g - p r o d u c t  Blackman-Tukey m e t h o d ,  as  i n d i ­
cated e a r l i e r . )  The spec t r a  w i t h  a n d  w i t h o u t  p r e w h i t e n i n g  are  shown 
i n  f i g u r e s  1 7 ( a )  a n d  1 7 ( b ) ,  r e s p e c t i v e l y .  The c o r r e s p o n d i n g  p a i r  
f o r  a n  i n t e r m e d i a t e  b a n d w i d t h  of  0 .195  Hz ( B e k t  = 1 .28  a re  shown 
i n  f i g u r e  18. I n  t h e  p a s t ,  t h e  l o w e s t  f r e q u e n c y  estimate f r o m  t h e  
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Blackman-Tukey l a g - p r o d u c t  a l g o r i t h m  w a s  a s sumed  t o  be a t  e x a c t l y  
z e r o  f r e q u e n c y  a n d  was d i s c a r d e d  b e c a u s e  t h e  p o s t d a r k e n e r  f i l t e r  
f u n c t i o n  (eq. ( 3 ) )  goes t o  i n f i n i t y  a t  z e r o  f r e q u e n c y ,  a n d  a l s o  
b e c a u s e  t h e  t u r b u l e n c e  m e a s u r e m e n t s  were known t o  b e  c o n t a m i n a t e d  
by i n s t r u m e n t a t i o n  d r i f t  p r o b l e m s  a t  f r e q u e n c i e s  c lo se  t o  zero .  
If t h i s  l owes t  f r e q u e n c y  p o i n t  (which  i s  p o s t d a r k e n e d  a n d  d i s ­
p l a y e d  a t  	 ef on these p l o t s ,  a s  i n d i c a t e d  e a r l i e r )  i s  d i s c a r d e d ,
4 
t h e  l owes t  f r e q u e n c y  es t imate  t h e n  appears  a t  0 .195  Hz i n  f i g ­
u r e  l 7 ( a )  a n d  a g r e e s  v e r y  w e l l  w i t h  t h e  r e f e r e n c e  c u r v e .  The n e x t  
power es t imate ,  which  appears a t  0 .39  Hz, s l i g h t l y  u n d e r e s t i m a t e s  
t h e  r e f e r e n c e  c u r v e .  F o r  t h e  n o n - p r e w h i t e n e d  r e s u l t  ( f i g .  1 7 ( b ) ) ,  
t h e  c o r r e s p o n d i n g  p o i n t s  u n d e r e s t i m a t e  a n d  o v e r e s t i m a t e  t h e  t r u e  
s p e c t r u m  t o  a somewhat  g rea t e r  e x t e n t ,  s o  t h a t  f o r  t h i s  l a r g e  band­
w i d t h  t h e  p r e w h i t e n e d  r e s u l t s  a r e  i n d e e d  b e t t e r  (when t h e  " z e r o  
f r e q u e n c y "  es t imate  i s  i g n o r e d ) .  On t h e  o t h e r  h a n d ,  f i g u r e  18 
shows t h a t  when t h e  b a n d w i d t h  i s  decreased t o  0 . 1 9 5  Hz, t h e  non­
p r e w h i t e n e d  r e s u l t s  a re  b e t t e r ,  whe the r  t h e  lowes t  f r e q u e n c y  power  
es t imate  i s  i g n o r e d  o r  n o t .  
These i n t e r m e d i a t e  b a n d w i d t h  r e s u l t s  i n d i c a t e  t h a t  i n  t h e  p a s t ,  
t h e  u s e  o f  f i r s t - d i f f e r e n c e  p r e w h i t e n i n g  c o u l d  h a v e  o b s c u r e d  a pos ­
s i b l e  k n e e  i n  t h e  e x p e r i m e n t a l  d a t a .  (See f i g .  1 8 ( a ) . )  I t  s h o u l d  
be r e c a l l e d ,  h o w e v e r ,  t h a t  i n t e r e s t  a t  t h e  t i m e  was d i r e c t e d  t o w a r d  
d e f i n i n g  t h e  h i g h e r  f r e q u e n c y  e n d  of  t h e  s p e c t r u m  ( u s i n g  w i d e r  band­
w i d t h s )  w i t h  r e l a t i v e l y  s h o r t  t u r b u l e n c e  s a m p l e  l e n g t h s .  
As a n  i l l u s t r a t i o n  of  t h e  minimum s a m p l e  l e n g t h  r e q u i r e d  f o r  
t h i s  b a n d w i d t h ,  a s s u m e  t h a t  u s e  o f  30 d . 0 . f .  i n  e q u a t i o n  ( 7 )  does  
n o t  r e s u l t  - i n  i n t o l e r a b l y  l a r g e  random power  f l u c t u a t i o n s .  A B 
ek ' 
of 1 . 2 8  p r o d u c e s  a lowes t  power  es t imate  a t  a b o u t  t h e  k n e e  peak  
l o c a t i o n ,  a n d  r e q u i r e s  a s a m p l e  l e n g t h  of o n l y  a b o u t  77 sec f o r  t h e  
L
r a t i o  of - assumed  here .
V 
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Trade-off f ac to r s  f o r  r ea l  da ta  a r e  s u c h  t h a t  a n a l y z i n g  power 
spec t ra  t o  l o n g e r  w a v e l e n g t h s  ( a n d  t h u s  l ower  f r e q u e n c i e s )  r e q u i r e s  
a smaller Be ( a l s o  B e k , ) ,  w h i c h  i n  t u r n  r e q u i r e s  l o n g e r  s ample  
l e n g t h s  t o  s u p p r e s s  t h e  random s t a t i s t i c a l  f l u c t u a t i o n s  o f  t h e  power 
estimates. A s  B
ek' 
becomes smaller  t h a n  a b o u t  1 . 2 ,  w h i c h  i t  m u s t  
t o  a n a l y z e  l o n g e r  w a v e l e n g t h s  o r  a d e q u a t e l y  r e s o l v e  a p o s s i b l e  k n e e ,  
f i r s t - d i f f e r e n c e  p r e w h i t e n i n g  i s  no  l o n g e r  d e s i r a b l e  a n d ,  i n  f a c t ,  
i n c r e a s e s  t h e  b i a s  e r r o r  i f  t h e  t r u e  s p e c t r u m  i s  s i m i l a r  i n  s h a p e  t o  
t h e  Von Kzrmsn o r  Dryden  t u r b u l e n c e  model.  
The p r a c t i c a l  p r o c e d u r e  s h o u l d  t he re fo re  c o n s i s t  of c h o o s i n g  a 
minimum Be b a s e d  on  t h e  sample  l e n g t h  a v a i l a b l e .  A d e t e r m i n a t i o n  
o r  " r u l e  of thumb" i n  terms of B 
e k '  
w i l l  n o t  s u f f i c e ,  s i n c e  i t  
must  be a s sumed  t h a t  L ,  t h e  i n t e g r a l  s c a l e  of  t u r b u l e n c e ,  is  n o t  
known a t  t h i s  p o i n t ,  n o r  c a n  i t  b e  a s s u m e d  t h a t  t h e  Von Ksrmgn o r  
Dryden  t u r b u l e n c e  model i s  a p p l i c a b l e ,  f o r  t h a t  matter.  O b t a i n i n g  
s u f f i c i e n t l y  l o n g  da ta  s a m p l e s  t o  s u p p r e s s  t h e  random e r r o r ,  w h i c h  
i s  c o n s i d e r a b l y  g r e a t e r  t h a n  b i a s  e r r o r  a t  t h i s  p o i n t ,  poses a p r o b ­
lem. It has  b e e n  s u g g e s t e d  t h a t  t h e  e n s e m b l e  a v e r a g i n g  a l g o r i t h m  
c o u l d  be u s e d  t o  a l l e v i a t e  t h e  d i f f i c u l t y  by c o m b i n i n g  s e g m e n t s  
of da ta  o b t a i n e d  from repea ted  passes t h r o u g h  t h e  same t u r b u l e n t  
a rea ,  o r  from d i f f e r e n t  t u r b u l e n t  a reas  known t o  h a v e  been  g e n e r a t e d  
by t h e  same m e t e o r o l o g i c a l  p r o c e s s .  S u c h  a p r o c e d u r e  m i g h t  be q u e s ­
t i o n a b l e ,  h o w e v e r ,  s i n c e  i t  would  be  based  on t h e  a s s u m p t i o n  t h a t  
t h e  s p e c t r a l  c h a r a c t e r i s t i c s  of a l l  t h e  s e g m e n t s  would  be i d e n t i c a l .  
I f  i t  i s  n e c e s s a r y  t o  u s e  a n  i n t e r m e d i a t e  s i z e  b a n d w i d t h  ( t h a t  
i s ,  a r o u n d  0 . 1  t o  0 .2  Hz) b e c a u s e  of  sample l e n g t h  l i m i t a t i o n s ,  some 
s p e c i a l  t y p e  o f  p r e w h i t e n i n g  o t h e r  t h a n  f i r s t  d i f f e r e n c e  c o u l d  b e  
b e n e f i c i a l .  The s p e c t r a l  s h a p e  a n d  f r e q u e n c y  l o c a t i o n  o f  t h e  k n e e  
must  t h e n  be estimated o r  known i n  a d v a n c e .  F o r  e x a m p l e ,  l o n g  sam­
p l e s  i n  a s p e c i f i c  m e t e o r o l o g i c a l  c o n d i t i o n  c o u l d  h a v e  p r e v i o u s l y  
been  processed  a n d  would  l e n d  c o n f i d e n c e  t o  a p a r t i c u l a r  s h a p e  a n d  
k n e e  l o c a t i o n .  Care mus t  b e  e x e r c i s e d ,  h o w e v e r ,  s i n c e  a "wrong 
g u e s s f 1  would  lead t o  g r e a t e r  d i s t o r t i o n  of  t h e  f i n a l  r e s u l t ,  r a t h e r  
t h a n  l e s s .  
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If w i d e  b a n d w i d t h  windowing  i s  n e c e s s a r y  ( t h a t  i s ,  B 
e k '  
o f  
a b o u t  2 .6  a n d  l a r g e r )  b e c a u s e  o f  l i m i t a t i o n s  i n  s a m p l e  l e n g t h ,  t h e n  
f i r s t - d i f f e r e n c e  p r e w h i t e n i n g  i s  r e q u i r e d  f o r  a c c u r a t e  s p e c t r a l  
es t imates  t o  be o b t a i n e d ,  a s  shown by  t h e  r e s u l t s  g i v e n  i n  f i g u r e  17. 
It i s  a l s o  recommended t h a t  t h e  " z e r o  f r e q u e n c y f 1  e s t ima te  o b t a i n e d  
w i t h  t h e  Blackman-Tukey a l g o r i t h m  be d i s c a r d e d ,  as  was d o n e  i n  t h e  
p a s t ,  e s p e c i a l l y  i n  v i e w  o f  t h e  l a r g e  d i s t o r t i o n  o b t a i n e d  n e a r  z e r o  
w i t h  t h i s  a l g o r i t h m  when u s i n g  f i r s t - d i f f e r e n c e  p r e w h i t e n i n g .  The 
s p e c t r a l  k n e e  c o u l d  n o t ,  o f  c o u r s e ,  b e  r e s o l v e d  i n  t h i s  case s i n c e  
t h e  l owes t  f r e q u e n c y  s p e c t r a l  es t imate  o b t a i n e d  would  b e  a b o v e  t h e  
k n e e  l o c a t i o n .  
C O N C L U D I N G  REMARKS 
A s t u d y  was made o f  t h e  e f f e c t s  o f  p r e w h i t e n i n g  on d e t e r m i n a ­
t i o n  of power s p e c t r a  o f  a t m o s p h e r i c  t u r b u l e n c e  a t  l o n g  w a v e l e n g t h s .  
A synthetic time h i s t o r y  was g e n e r a t e d  by  c o m b i n i n g  s i n e  waves  o f  
random p h a s e  a n d  f r e q u e n c y ,  a m p l i t u d e s  b e i n g  a d j u s t e d  t o  p r o d u c e  a 
power s p e c t r u m  of known s h a p e  a p p r o x i m a t i n g  t h a t  o f  a t m o s p h e r i c  t u r ­
b u l e n c e .  The s y n t h e t i c  t i m e  h i s t o r y  was t h e n  u s e d  i n  a c o m p u t a t i o n a l  
e x p e r i m e n t  t o  assess b i a s  e r r o r s  i n  power  s p e c t r a  computed  w i t h  a n d  
w i t h o u t  p r e w h i t e n i n g .  
R e s u l t s  of t h i s  e x p e r i m e n t  show t h a t  f o r  minimum b a n d w i d t h s  
deemed p r a c t i c a l  f o r  p r o c e s s i n g  1 0 - m i n u t e  da t a  s a m p l e s  ( e q u i v a l e n t  
s p e c t r a l  b a n d w i d t h  o f  0 .025  H z ) ,  t h e  f i n i t e  b a n d w i d t h  b i a s  e r r o r s ,  
f o r  each of t h r e e  power  s p e c t r a l  d e n s i t y  a l g o r i t h m s  i m p l e m e n t e d  by 
t h e  f a s t  F o u r i e r  t r a n s f o r m ,  a r e  n e g l i g i b l e  a n d  a r e  a g r e a t  d e a l  
smaller  t h a n  t h e  random t y p e  e r ro r s  e x p e c t e d .  P r e w h i t e n i n g  i s  
t h e r e f o r e  n o t  recommended when power  s p e c t r a l  es t imates  a r e  o b t a i n e d  
by e m p l o y i n g  t h e s e  n a r r o w  b a n d w i d t h s .  F i r s t - d i f f e r e n c e  p r e w h i t e n i n g  
i n  p a r t i c u l a r  was shown t o  h a v e  a n  u n d e s i r a b l e  e f f e c t  upon power  
es t imates  a t  t h e  lowes t  f r e q u e n c i e s ,  e s p e c i a l l y  when u s e d  w i t h  t h e  
Blackman-Tukey a l g o r i t h m .  
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F i r s t - d i f f e r e n c e  p r e w h i t e n i n g  i s  n o t  recommended when i n t e r ­
mediate s i z e  b a n d w i d t h s  ( t h a t  i s ,  a r o u n d  0 .1  t o  0 . 2  Hz) a r e  u s e d ,  
a l t h o u g h  some s p e c i a l  t y p e  o f  p r e w h i t e n i n g  c o u l d  b e  b e n e f i c i a l  i f  
t h e  s p e c t r u m  s h a p e  a n d  k n e e  l o c a t i o n  were a d e q u a t e l y  known. F i r s t -
d i f f e r e n c e  p r e w h i t e n i n g  i s ,  h o w e v e r ,  recommended f o r  power  es t imates  
a b o v e  t h e  " k n e e t t  f r e q u e n c y  f o r  b a n d w i d t h s  of  0 .3  Hz a n d  g r e a t e r .  
F o r  model s t u d i e s  o f  s p e c t r a l  b i a s  e r ro r s  o f  a random time 
se r i e s ,  t h e  f u n c t i o n - g e n e r a t i o n  t e c h n i q u e  u s e d  here  i s  f a v o r e d  o v e r  
t h e  t e c h n i q u e  u s e d  by O t n e s ,  N a t h a n s ,  a n d  Enochson  (AFFDL-TR-69-11). 
The random s p e c t r a l  errors  o b s e r v e d  c a n  be  made a r b i t r a r i l y  small 
f o r  a g i v e n  f u n c t i o n  l e n g t h  by summing a s u f f i c i e n t l y  l a r g e  number 
of r a n d o m - f r e q u e n c y ,  r andom-phase  s i n u s o i d s .  
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APPENDIX 
SYNTHETIC RANDOM TIME FUNCTIONS 
S y n t h e t i c  random time f u n c t i o n s  a r e  o f t e n  u s e d  i n  l i e u  o f  
random time f u n c t i o n s  r e p r e s e n t i n g  p h y s i c a l  random processes .  
F o r  e x a m p l e ,  a i r c r a f t  f l i g h t  s i m u l a t o r s  i n c l u d e  r e s p o n s e s  t o  
a tmosphe r i c  t u r b u l e n c e  v e l o c i t i e s  t h a t  a r e  a p p r o x i m a t e d  by r a n ­
dom time f u n c t i o n s  g e n e r a t e d  by  s u i t a b l y  f i l t e r e d  e l e c t r o n i c  
n o i s e  s i g n a l s  o r  by  d i g i t a l  c o m p u t e r  p r o g r a m s .  T h i s  a p p r o a c h  h a s  
t h e  a d v a n t a g e  o f  p r o v i d i n g  ( a )  a r b i t r a r i l y  c h o s e n  i n t e n s i t i e s ,  
( b )  s t a t i o n a r i t y  if d e s i r e d ,  a n d  ( c )  s i m u l a t i o n  o f  t h e  e f f e c t  o f  
v a r i o u s  i n t e g r a l  s ca l e s  o f  t u r b u l e n c e .  
I n  t h e  c o n s t r u c t i o n  o f  d i g i t a l l y  g e n e r a t e d  random t i m e  f u n c ­
t i o n s ,  c a re  m u s t  be t a k e n  t o  a s s u r e  t h a t  t h e  s i g n i f i c a n t  f e a t u r e s  
o f  t h e  p h y s i c a l  random p r o c e s s  a r e  m o d e l e d  a d e q u a t e l y .  The d i g i ­
t a l  f u n c t i o n ,  o f  c o u r s e ,  m u s t  b e  c o n s t r u c t e d  from a f i n i t e  number  
o f  r a n d o m l y  c h o s e n  e l e m e n t s .  There  i s  t h e  p o s s i b i l i t y  t h a t  a p a r ­
t i c u l a r  c h o i c e  of e l e m e n t s  may n o t  s a t i s f a c t o r i l y  mode l  t h e  p h y s i c a l  
p rocess  f o r  c e r t a i n  p u r p o s e s  e v e n  t h o u g h  t h e  p r o b a b i l i t y  d i s t r i b u ­
t i o n  and  s p e c t r a l  s h a p e  a r e  c o r r e c t  a n d  t h e  random time f u n c t i o n  
a p p e a r s  t o  be r e p r e s e n t a t i v e  o f  t h e  p h y s i c a l  p r o c e s s .  T h i s  a p p e n ­
d i x  p r e s e n t s  a n  e x a m p l e  o f  s u c h  a n  a p p r o x i m a t i o n  ( d e s i g n a t e d  S i g ­
n a l  B )  f o r  a t m o s p h e r i c  t u r b u l e n c e  w i t h  r e spec t  t o  t h e  a s s e s s m e n t  
o f  e f f e c t s  o f  v a r i o u s  s p e c t r a l  windows.  An a l t e r n a t i v e  a p p r o x i m a ­
t i o n ,  d e s c r i b e d  i n  t h e  t e x t  o f  t h i s  r e p o r t  ( d e s i g n a t e d  S i g n a l  A )  
is a l s o  d i s c u s s e d ,  w i t h  t h e  g e n e r a t i o n  t e c h n i q u e  d e s c r i b e d  i n  more  
d e t a i l .  
S i g n a l  B 
S i g n a l  B was g e n e r a t e d  a s  f o l l o w s ,  i n  a c c o r d a n c e  w i t h  
r e f e r e n c e  3:  
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( 1 )  16 384  random n u m b e r s  were g e n e r a t e d .  These  n u m b e r s  were 
i n d e p e n d e n t ,  G a u s s i a n ,  w i t h  z e r o  mean a n d  u n i t  v a r i a n c e .  The A t  
was se lec ted  t o  be 0 . 0 4  sec.  
( 2 )  The complex  FFT of t h e s e  da t a  was m u l t i p l i e d  b y  t h e  d e s i r e d  
t r a n s f e r  f u n c t i o n  H ( f ) ,  t h e  s q u a r e  r o o t  o f  e q u a t i o n  ( 6 ) ,  w i t h  
L = 191  m ( 6 2 7  f t )  a n d  V = 1 8 3  m / s  ( 6 0 0  f t / s e c ) .  
( 3 )  The i n v e r s e  FFT was t h e n  t a k e n .  
The r e s u l t i n g  f u n c t i o n  from s t e p  ( 2 )  i s  d e f i n e d  o n l y  a t  h a r ­
m o n i c a l l y  r e l a t e d  f r e q u e n c i e s  n A f  where n = 0,  1 ,  2 ,  . . ., 
1
8 1 9 2 ,  and  where A f  = . The i n v e r s e  t r a n s f o r m  o f  each o f  
16  384  A t  
t he se  i s  a p u r e  h a r m o n i c  s i n u s o i d  w i t h  f r e q u e n c y  n A f ;  t h e r e f o r e  
S i g n a l  B i s  t h e  sum o f  t h e  h a r m o n i c  s i n u s o i d s .  The s p e c t r u m  of  
t h e  model d i f f e r s  s i g n i f i c a n t l y  from t h a t  f o r  a t m o s p h e r i c  t u r b u ­
l e n c e  s i n c e  t h e  t u r b u l e n c e  s p e c t r u m  i s  c o n t i n u o u s  a n d  c o n t a i n s  
n o n h a r m o n i c a l l y  r e l a t e d  c o m p o n e n t s .  
The a n a l y s i s  o f  S i g n a l  B by t h e  b o x c a r  s p e c t r a l  window 
( f i g .  l ( b ) )  i n  e q u a t i o n  ( 1 )  y i e l d s  n o  b i a s  e r r o r  a t  a l l  as  a 
r e s u l t  o f  t h e  c o i n c i d e n c e  o f  n u l l s  i n  t h e  s p e c t r a l  window w i t h  
n 
t h e  s p e c t r a l  v a l u e s  o f  S i g n a l  B a t  f = -.
P 
A s e c o n d a r y  i n d i c a t i o n  o f  t h e  i m p r o p e r  b e h a v i o r  o f  S i g n a l  B 
i n  c o m p a r i s o n  t o  a tmosphe r i c  t u r b u l e n c e  c a n  b e  s e e n  i n  f i g u r e  19.  
Here S i g n a l  B was p rocessed  by t h e  f r e q u e n c y  a v e r a g i n g  a l g o r i t h m  
M = 16 w i t h  t h e  Hann window ( f i g .  1 9 ( a ) ) ,  a n d  w i t h  t h e  b o x c a r  
window ( f i g .  1 9 ( b ) ) .  It i s  a p p a r e n t  t h a t  t h e  b o x c a r  window s u p ­
p r e s s e d  random e r ro r  t o  a c o n s i d e r a b l y  g rea t e r  e x t e n t  t h a n  d i d  
t h e  Hann window, a n  e f f e c t  e x a c t l y  o p p o s i t e  from t h a t  w h i c h  would  
be  o b t a i n e d  w i t h  r e a l  t u r b u l e n c e  d a t a .  A p r o b a b l e  e x p l a n a t i o n  i s  
-1 + 1  
t h a t  t h e  Hann window does  n o t  h a v e  n u l l s  a t  - a n d  - a s  d o e s  
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t h e  b o x c a r  window. (See f i g .  2 ( b ) . )  The i n h e r e n t  c h a r a c t e r i s t i c s  
o f  S i g n a l  B would  t h u s  a p p e a r  t o  make i t  u n s u i t a b l e  f o r  u s e  i n  t h e  
p r e s e n t  s t u d y .  
S i g n a l  A 
S i g n a l  A was a l s o  g e n e r a t e d  t o  c o n t a i n  16 384 d a t a  p o i n t s  
s p a c e d  a t  a n  i n t e r v a l  o f  A t  0 . 0 4  sec ,  w h i c h  y i e l d e d  a N y q u i s t  
f r e q u e n c y  1 2 . 5  Hz. The s i g n a l  was c o n s t r u c t e d  as  f o l l o w s :  The 
t o t a l  f r e q u e n c y  r a n g e ,  0 t o  1 2 . 5  Hz, was p a r t i t i o n e d  i n t o  1250 
e q u a l  i n t e r v a l s  o f  0 .01  Hz e a c h .  F o r  e a c h  0.01 Hz i n t e r v a l ,  a 
u n i f o r m - d i s t r i b u t i o n  random number g e n e r a t o r  was u s e d  t o  s e l e c t  
a f r e q u e n c y  f a n d  a p h a s e  a n g l e  e ,  w i t h  f l y i n g  i n  t h e  i n t e r ­
v a l  a n d  -II 5- e 5- 'II. F o r  e a c h  f r e q u e n c y  a n d  p h a s e  a n g l e  t h u s  
s e l e c t e d ;  t h e  s i n u s o i d  H ( f )  s i n  ( 2 s f n  A t  + e )  ( w h e r e  n = 1 ,  2 ,  
. . ., 16 384) w a s  c o m p u t e d .  S i g n a l  A i s  t h e  sum o f  t h e s e  1250 
s i n u s o i d s .  The t r a n s f e r  f u n c t i o n  H ( f )  u s e d  t o  a d j u s t  t h e  a m p l i ­
t u d e  of  t h e  i n d i v i d u a l  s i n u s o i d s  was, o f  c o u r s e ,  t h e  same o n e  u s e d  
f o r  S i g n a l  B ,  t h a t  i s ,  t h e  s q u a r e  r o o t  o f  e q u a t i o n  ( 6 1 ,  w i t h  
L = 191  m ( 6 2 7  f t )  a n d  V = 183 m / s  ( 6 0 0  f t / s e c ) .  
S i n c e  b o t h  t h e  f r e q u e n c y  a n d  p h a s e  a r e  made random by t h e  con­
s t r u c t i o n  p r o c e d u r e ,  S i g n a l  A i s  n o t  made u p  e x c l u s i v e l y  of h a r ­
mon ic  c o m p o n e n t s  w h i c h  c o i n c i d e  w i t h  b o x c a r  window n u l l s .  The 
a p p r o x i m a t i o n  o f  a t m o s p h e r i c  t u r b u l e n c e  i s  t h u s  i m p r o v e d .  A s  
d e s c r i b e d  i n  t h e  ma in  body o f  t h i s  r e p o r t ,  a s h o r t  s e g m e n t  o f  S i g ­
n a l  A i s  shown i n  f i g u r e  8 .  The c u m u l a t i v e  d i s t r i b u t i o n  f u n c t i o n ,  
shown i n  f i g u r e  9 ,  i s  v e r y  n e a r l y  G a u s s i a n ,  a s  d e s i r e d ,  a n d  a s  
e x p e c t e d  from t h e  p r o c e d u r e  u s e d .  
An a d d i t i o n a l  p o i n t  w o r t h  n o t i n g  i s  t h a t  t h e  f r e q u e n c y  s p a c ­
i n g  o f  t h e  s i n u s o i d s ,  o n e  i n  e a c h  0 . 0 1  Hz i n t e r v a l ,  i s  s u c h  t h a t  
t h e  smallest  b a n d w i d t h  Be employed  t o  p r o c e s s  S i g n a l  A ( a b o u t  
0 .024  Hz) e n c o m p a s s e d  a t  l e a s t  two s i n u s o i d s .  A l t h o u g h  n o t  t e s t e d  
e x p e r i m e n t a l l y ,  t h e  random power f l u c t u a t i o n s  o b t a i n e d  i n  t h e  s p e c ­
t r a l  a n a l y s i s  ( f o r  a g i v e n  B e )  c o u l d  i n  a l l  l i k e l i h o o d  b e  r e d u c e d  
29 
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t o  a n  a r b i t r a r i l y  low l e v e l  by i n c r e a s i n g  t h e  number o f  s i n u s o i d s  
i n  each f r e q u e n c y  i n t e r v a l .  The  e f f e c t  would  be  s imi la r  t o  t h a t  
a c h i e v e d  by i n c r e a s i n g  t h e  s a m p l e  l e n g t h  o f  a c t u a l  t u r b u l e n c e  da t a .  
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Figure 14.- Power spectrum obtained from ensemble averaging algorithm. F i r s t -
difference prewhitening; A f  = 0.0244; Be = 0.0366; and Bek' = 0.240. 
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